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1 Introduction 

Since for non-normal operators there is no analogue of the spectral theorem, the 
existence of a Riesz basis (possibly with parentheses) of root vectors is an important 
property: it allows e.g. the construction of non-trivial invariant subspaces and 
yields spectral criteria related to semigroup generation. For a class of non-normal 
perturbations of normal operators we establish different conditions in terms of the 
spectrum which imply the existence of such Riesz bases. Our assumptions on the 
multiplicities of the eigenvalues are weaker than in classical perturbation theorems. 

We consider an unbounded operator T = G + S on a Hilbert space where G is 
normal with compact resolvent and S is p- subordinate to G, i.e. 

\\Su\\ < &]]tt|| 1 - p ||Gu|| p for all u £ V(G) 

where p £ [0, 1[ and b > 0. In Theorem 16. II we prove that T admits a Riesz basis 
with parentheses of root vectors if the eigenvalue multiplicities of G satisfy a certain 
asymptotic growth condition. This growth condition is weaker than the one in a 
similar result by Markus and Matsaev [17], [16l Theorem 6.12]. 

In Theorem 16.21 we obtain a Riesz basis with parentheses under a spectral con- 
dition of different type: we impose no restriction on the multiplicities and instead 
assume that the eigenvalues of G lie on sufficiently separated line segments, see 
Figure 01 If we know a priori that the eigenvalues of the perturbed operator T are 
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uniformly separated, then Theorem 16.21 even yields a Riesz basis without paren- 
theses. An example for such a situation may be found in Theorem 17.21 In contrast 
to our result, classical perturbation theorems for Riesz bases without parentheses 
such as Kato []TJ Theorem V.4.15a], Dunford and Schwartz [3 Theorem XIX. 2. 7] 
and Clark [4] require that almost all eigenvalues of G are simple. 

Apart from the above mentioned theorems, a wide range of existence results 
for Riesz bases of root vectors may be found in the literature, both for abstract 
operator settings and for concrete applications. Dissipative operators, for example, 
were considered by several authors; references and some results may be found in [§]. 
For generators of Co-semigroups, a Riesz basis of eigenvectors implies the so-called 
spectrum determined growth assumption, see [5j Theorem 2.3.5]. Zwart [25j ob- 
tained Riesz bases for generators of Co-groups, while Xu and Yung [21] constructed 
Riesz bases with parentheses for semigroup generators. Riesz basis properties of 
root vectors are also investigated for operator pencils, see e.g. [22] ■ Pencils 
coming from concrete physical problems were studied in [IJ 118] . 

Finally there are simple examples of non-normal operators whose eigenvectors 
are complete but do not form a Riesz basis, see e.g. [B]. 

In this paper, we follow ideas due to Markus and Matsaev [111 Chapter 1] 
to prove the existence of Riesz bases of root vectors. In Section [2] we start by 
deriving a completeness theorem for the system of root vectors of an operator with 
compact resolvent. Unlike the classical Keldysh theorem on completeness [12], [H3 
§4], where the resolvent belongs to a von Ncumann-Schatten class, we assume here 
that it is uniformly bounded on an appropriate sequence of curves. 

In Section [3] we then recall the notion of a Riesz basis consisting of subspaces 
and provide a sufficient condition for its existence in terms of projections. Although 
a Riesz basis consisting of (finite-dimensional) subspaces is equivalent to a Riesz 
basis with parentheses, we use the basis of subspaces notion in the formulation of 
our theorems, since it is more convenient. 

In Section H] we study in detail the change of the spectrum of a normal operator 
under a p-subordinate perturbation. The basic observation here is that if the 
spectrum of G lies on rays from the origin, then the spectrum of T lies inside 
parabolas around these rays. Based on the localisation of the spectrum, several 
estimates for Riesz projections of T are obtained in Section [5] 

In Section[H]we derive our main existence results for Riesz bases of root vectors. 
In fact, these results also hold in the more general setting where G is a possibly 
non-normal operator with compact resolvent, a Riesz basis of root vectors and an 
appropriate spectrum, see Proposition [6?6] and Remark 16.71 

In Section [7] we finally apply our theory to diagonally dominant block oper- 
ator matrices. Riesz bases of root vectors were obtained by Jacob, Trunk and 
Winklmeier [TU] for operator matrices associated with damped vibrations of thin 
beams and by Kuiper and Zwart [14] for a class of Hamiltonian operator matrices 
from control theory. In Theorem 17.11 we consider operator matrices whose entries 
may all be unbounded, whereas in [10LI14] some of the entries were always bounded. 
Theorem 17.21 applies to a class of Hamiltonians which is different from the one in 
|14j . While the eigenvalues of the diagonal part of the Hamiltonian in [T3] are 
simple, we consider the case of double eigenvalues. 
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2 Completeness of the system of root subspaces 



We derive a completeness theorem for the system of root subspaces of an operator 
with compact resolvent, which applies to a different situation than the classical 
theorem of Keldysh [13], [TBI §4]- 

Let T be an operator on a Banach space with a compact isolated part a C o~(T) 
of the spectrum. Let T be a simply closed, positively oriented integration contour 
with a in its interior and <r(T) \ a in its exterior. Then 

P =^Z [(T-z)-Uz (1) 



2?r Jr 

defines a projection such that TZ(P) and kerP are T-invariant, 7Z(P) C T>(T), and 
<r(T\n(P)) = °~, a(T\ kelP ) = a(T)\a. 

P does not depend on the particular choice of T and is called the Riesz projection 
associated with a (or T); 1Z(P) is the corresponding spectral subspace. For a proof 
see [S] Theorem XV.2.1] or [UJ Theorem III.6.17]. 
For an eigenvalue A of T we call 



£(A) = (J ker(T - A) fe 



fc6N 

the root subspace of T corresponding to A; the non-zero elements of £(A) are the 
root vectors. A sequence of root vectors x%, . . . , x n G £(A) is called a Jordan chain 
if (T — X)Xk = Xk-i for fc > 2 and (T — X)xi = 0. In the case that T has a compact 
resolvent, its spectrum consists of isolated eigenvalues only; so for every eigenvalue 
A there is the associated Riesz projection P\, which satisfies Tl(P\) — C(X). 

Recall that for an operator T with compact resolvent on a Hilbert space its 
adjoint T* also has a compact resolvent. 



Lemma 2.1 Let T be an operator with compact resolvent on a Hilbert space and 
M the subspace generated by all root subspaces of T, i.e., the set of all finite linear 
combinations of root vectors of T. If P is the Riesz projection of T* corresponding 
to an eigenvalue A 6 o~(T*), then M 1 - C kerP. Moreover, M is T* -invariant and 
(T* — z)^ 1 -invariant for every z G g(T*); in particular g(T*) C g(T*\ M ±). 

Proof. We have A e a(T*) if and only if A S cr(T). Observe that if P is the 
Riesz projection of T* corresponding to A, then P* is the Riesz projection of T 
corresponding to A. Since K(P*) C M we find M 1 - C ^(P*)^ = kerP. Now let 
v G M and z G g{T*). Then Tv, (T - z)- x v G M and we have 

tieM i nD(f) (T*u\v) = (u\Tv) = 0, 

ueM 1 - => ((T* - z^ulv) = (u\(T - z)-^) =0. 

Therefore M 1 - is T*- and (r*-^)- 1 -invariant, and this in turn implies the inclusion 
g(T*) C ? (P| M x). □ 



Corollary 2.2 Let T and M be as above. Then g{T*\ M ±) = <D. 
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Proof. Since T has a compact resolvent, the same holds for T* and T*\ M ±. Conse- 
quently if A € a{T*\ M ±), then A is an eigenvalue of T*\ M ± , i.e., T*u — Xu for some 
u G M \ {0}. In particular A is an eigenvalue of T* and we have u £ 1Z(P) where 
P is the Riesz projection of T* corresponding to A. Now the previous lemma 
implies u G M 1 - G kerP and hence u — 0, which is a contradiction. Therefore 

(7(T*| M x)=0. □ 

Theorem 2.3 Let T be an operator with compact resolvent on a Hilbert space H 
with scalar product (-|-). If there exists a sequence of bounded regions (Uk)keN such 
that (D = U fe6]N Uk, dUk G q{T) for all k, and there is a constant C > with 

IKT-z)- 1 !! < C for zedUk, G JN, 

then the system of root subspaces of T is complete^ 

Proof. Let M be as before. For u, v G M we consider the holomorphic function 
defined by 

f(z) = ((T*\ M ±-z)- 1 u\v). 
From the previous corollary we know that its domain of definition is (D. Since 

||(T*| M . -zni^Hcr-zrlHKT-z)- 1 !! for Z€Q(T), 

we see that \ f(z)\ < C\\u\\\\v\\ holds for z G dUk- Using the maximum principle, we 
find that \ f(z)\ < C||m||||w|| for every z G (D; by Liouville's theorem / is constant. 
Since u and v have been arbitrary, the mapping z t—> (T* \ M ± — z)~ l is also constant. 
For u G M we obtain 

(T*\ M ±)- 1 u = (T*\ M ± -I)- X u (T*\ M ± — I)(T*\ M ±)~ 1 u = u 

{T*\ M ±y 1 u = => u = 0. 

Hence M x = {0}, i.e., M C H is dense. □ 

Corollary 2.4 Let T be an operator with compact resolvent on a Hilbert space. 
Suppose that almost all eigenvalues of T lie in a finite number of pairwise disjoint 
sectors 

ilj = {z G (D | | arg z — 9j \ < ipj } with < ipj < — , j = 1, . . . , n. 

If there are constants C, ro > such that 

IKT-z)- 1 !! < C for z£fiiU...UO n , \z\ >r 
and for each sector Qj there is a sequence (xk)keK with Xk —> oo and 
IKT-z)" 1 !! <C for z G ftj, Re(e^z) = x kl k G N, 
then the system of root subspaces of T is complete. □ 



^^A system of subspaces in H is called complete if the subspace generated by the system is 
dense in H . 
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3 Riesz bases of subspaces 



We recall the closely related concepts of Riesz bases, Riesz bases with parentheses, 
and Riesz bases of subspaces, see [HI §1], [H Chapter VI], §15] and [33J §2] for 
more details. 

Definition 3.1 Let H be a separable Hubert space. 

(i) A sequence (vfc)fceN in H is called a Riesz basis of H if there is an isomorphism 
J : H — > H such that (Jvk)keN is an orthonormal basis of H. 

(ii) A sequence of closed subspaces (T4)fc6N of H is called a Riesz basis of sub- 
spaces of H if there is an isomorphism J : H — > H such that (J(Vk))k£~N is 
a complete system of pairwise orthogonal subspaces. 

j 

Other notions for Riesz bases of subspaces are "unconditional basis of subspaces" 
[22] or "^-decomposition" [19]. 

The sequence (i>fc)fceN is a Riesz basis if and only if inf > 0, sup \\vk\\ < oo, 
and every x E H has a unique representation 

oo 

X = ^ a k v k, Ct k E C, 

k=0 

where the convergence of the series is unconditional. There is a similar character- 
isation for Riesz bases of subspaces, see [23J §2.2] and §VI.5] for a proof: 

Proposition 3.2 For a sequence (Vk)keK of closed subspaces of H the following 
assertions are equivalent: 

(i) (Vfe)feGN is a Riesz basis of subspaces for H. 

(ii) The sequence (Vfc)fceN *s complete and there exists c > 1 such that 

c-^ll^ll^llE^'-'Ell^ll 2 (2) 

keF keF k£F 

for all finite subsets FcN and Xk G Vfe- 

(Hi) Every x E H has a unique representation x = J^kLo-^k with xu E 14, where 
the convergence of the series is unconditional. 

To refer to the constant in we shall also speak of a Riesz basis of subspaces 
with constant c. 

A sequence (wfc)fceN in a Hilbert space H is called a Riesz basis with parentheses 
if there exists a Riesz basis of subspaces (Vk)k<£N of H and a subsequence (nk)k 
of N with no = such that (v nk , . . . , w„ fc+1 _i) is a basis of In this case every 
x E H has a unique representation 

a; = E( E a J w i)' a J eC > 

fc=0 \ j=n k / 

where the series over k converges unconditionally. 
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The definition of a Riesz basis of subspaces generalises naturally to a family 
of closed subspaces (Vk)keA, where the index set A is either finite or countably 
infinite; Proposition 13.21 continuous to hold in this context. In particular, a finite 
family (Vi, . . . , V n ) of closed subspaces is a Riesz basis of H if and only if the 
subspaces form a direct sum H = V\ ® ■ ■ ■ © V n . Despite this equivalence, the Riesz 
basis notion is convenient even for finite families to specify the constant c in @. 
An example is the next lemma, which is used in the proof of Theorem l6.2l to show 
that the root subspaces of an operator form a Riesz basis. 



Lemma 3.3 Let (Wk)keA be a Riesz basis of subspaces of H with constant cq. Let 
{Vkj)jeJ k be Riesz bases of subspaces of Wk for all k G A with common constant 
c\. Then the family (Vkj)keA. je.7 k * s a Riesz basis of subspaces of H with constant 

C Ci. 

Proof. Since (Wk)keA is complete in H and (Vkj)jeJ k is complete in Wk for every 
k G A, the family (Vkj)keA,je.J k is complete in H. Consider F C A finite, Fk G Jk 
finite for each k € F, and Xkj G Vkj. Then, using J3J), we obtain 



x kj 

keF 
j£F k 



< c 



E 

keF 



X kj < CO Ci Y \\ X kj IP = C Cl 

jeF k keF jeF k 



E 

keF 

jeF k 



\x k j\ 



and similarly || J2keF,jeF k x kj\\ > c o c i J2keFjeF k \\ x kj\\ ■ □ 

Note that the existence of the common constant c\ is guaranteed if only finitely 
many Jk consist of more than one element. 

Our next aim is to derive a sufficient condition for a sequence of projections to 
generate a Riesz basis of subspaces. 



Lemma 3.4 Let (xk)kev be a sequence in a Banach space. If there exists C > 

such that for every reordering <f> : N — ^> N and every n G N we have || XX=o x <t>(k) II ^ 
C, then 



sup 



k=Q 



< 2C. 



Proof. Let eo 7 . . . ,e n G { — 1, 1} and consider reorderings <fi± and <p2 that move all 
+1 and all —1 in the sequence (sq, ■ ■ ■ , e n ), respectively, to its beginning. Then, 
with m, tt-2 appropriate, we obtain 



n 

£kXk 


< 


n 

E Xk 


+ 


n 

E Xk 




m 

E x <Ai(fe) 


+ 


n 2 

E x few 


k=0 




k=0 
e k =+l 




k=0 




fc=0 




k=0 



< 2C. 



□ 



Lemma 3.5 Let H be a Hilbert space, xq, . . . , x n G H , and 

£7={(e ,...,£n)|efc = ±l}. 

Then 



2 n+1 EiM 2 = E 



S X 



£nXr< 



k=0 



eeE 
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Proof. We use induction on n. The statement is true for the case n = since 
2 1 1 a^o 1 1 2 = ll^oll 2 + II — xo\\ 2 . Now suppose the statement holds for some n > 0; let 

E = {(e , . . . ,e n +i) I £k = ±1} 

and write x e = SqXq + ■ • • + e n x n . Then 

E \\soXq H he„+ia; n+ i|| 2 = E (||a: e + :r„+i|| 2 + \\x E - x n+ i\\ 2 ) 



e£E 



eEE 



eeE 



= J2 ( 2 ll^|| 2 + 2\\x n+ i\\ 2 ) = 2^ ||a: e || 2 + 2 • 2" +1 ||x n+1 | 

eeE 

= T+ 2 (^||x fc || 2 + ||x„ +1 | 



\k=0 



□ 



Lemma 3.6 Let P$, . . . , P n be projections in a Hilbert space H with PjPk = for 
j =/= k. Then 

n n 2 n 

c- 2 ]T HPHi 2 < Y, PkX <c 2 Y,W PkX W 2 f° raU xeH 



fc=0 



fe=0 



fe=0 



where C = max{|| J2k=0 £ k P k\\ | £* = ±l}. 

Proof. We write Xk = PkX and use the last lemma considering that e££ for which 
lleo^o + • ■ ■ + £n^n|| becomes maximal. Then we obtain 



E n p ^n 2 ^ + • ■ • + £ ^n 2 = ( E £ <^ ) ( E 



k=0 



k=0 



X k 



k=0 



< C 



E p 



kX 



On the other hand, if we choose e € E such that \\eqXq 
we find 



fc=o 

£n^n|| is minimal, 



E p ^ 

k=0 



E £ * p fc)(E £kXk ) 

k=0 ' U-0 ' 

n 

< C 2 \\e Q x + ■■■ + e n x n \\ 2 <C 2 E ll-M s 



fe=0 



□ 

The following statement is a slight modification of a result in the book of 
Markus [HIl Lemma 6.2]. 

Proposition 3.7 Let H be a Hilbert space and (Pk)ke'M a sequence of projections 
in H satisfying PjPk = for j ^ k. Suppose that the family (lZ(Pk))keN is 
complete in H and that 



El(^|y)l <C\\x\\\\y\\ for all x,yeH 



(3) 



fc=0 



with some constant C > 0. Then (TZ(Pk))keN * s a Riesz basis of sub spaces of H 
with constant c = 4C 2 . 



2 Under the weaker assumption 5ZfcLo \(Pk x \y)\ < 00 f° r a ^ X >V £ H 7 the existence of the 
Ricsz basis of subspaces is proved, but without obtaining an estimate for the constant c. 
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Proof. From 

n n 

\fePkx\v)\<^KPkx\v)\<C\\x\\\\y\\ 

k=0 k=a 

we conclude that |j Y^k=o P^W — ^ ^ or a ^ 71 G N. This assertion remains valid after 
an arbitrary rearrangement of the sequence (-Pfc)fceN since (J3j) still holds for the 
rearranged sequence. An application of Lemmas 13.41 13.61 and Proposition 13.21 now 
completes the proof. □ 

We end this section with a remark on the connection between Riesz bases of 
finite-dimensional invariant subspaces of an operator and Riesz bases with paren- 
theses of root vectors, see also [231 §2-3]. 

Remark 3.8 Let T be an operator on a Hilbert space. Since every finite-dimen- 
sional T-invariant subspacqjj admits a basis consisting of Jordan chains, it is im- 
mediate that a Riesz basis of finite-dimensional T-invariant subspaces is equivalent 
to a Riesz basis with parentheses of Jordan chains such that each Jordan chain lies 
inside some parenthesis. As a consequence of Lemma 13 . 31 a Riesz basis of finite- 
dimensional invariant subspaces where almost all subspaces are one-dimensional is 
equivalent to a Riesz basis of eigenvectors and finitely many Jordan chains. 



4 Spectral enclosures for ^-subordinate perturba- 
tions 

The concept of p-subordination is in a certain sense an interpolation between the 
notions of boundedness and relative boundedness. We start with a result for rela- 
tively bounded perturbations. 

Lemma 4.1 Let G and S be operators on a Banach space with T>(G) C T)(S) and 
T = G + S. If < e < 1 and z e g(G) such that 

H^G-z)- 1 !! < £ , (4) 

then z € g{T) and 

MT-z)- 1 ]] < -^-\\(G~z)-% WSiT-z)- 1 ]] < -i-. 

1 — £ 1 — £ 

Moreover if T C q(G) is a simply closed, positively oriented integration contour 
and holds for all zeT, then T C f?(T) and for the Riesz projections Q and P 
of G and T associated with T there are isomorphisms 

Tl{Q) ^TZ(P), ker Q ker P. 

Proof. (HI implies the convergence of the Neumann series 

oo 

(i + s(g ~ z)- 1 )- 1 = j2(~ s ( G - z y') k 

k=0 

3 In general, a subspace U is called T-invariant if T(U H T>{T)) C U. If we speak of a finite- 
dimensional T-invariant subspace U, we additionally assume that dimf/ < oo and U C T>(T). 
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ith 



(i + SiG-z)- 1 ) ^K- — — — < 



1 - \\S(G- z)- 1 !! - 1 -e 
Since 

T-z = (/ + S'(G-z)- 1 )(G-z), 
we conclude that z G g(T) with 



II (T - z)- 1 !! < || (G - z)-'\\ || (/ + s(G z)- 1 )- 1 !! < ^-ikg - z)- 1 !). 

The identity S(T - z)- 1 = 5(G - z)" 1 ^ + 5(G - z)- 1 )" 1 yields ||5(T - — 1 1| < 
e{l-e)-\ 

To prove the assertion about the Riesz projections, consider the operators T r = 
G + rS for r G [0, 1]. We have the power series expansion 

oo 

(I + rS(G - z)- 1 ) ~ X = rk (~ S ( G - ^r 1 )"' r e [°> 1 1' 

fc=0 

which converges uniformly in z G T. Consequently T C g{T r ), and 
(T.-z)- 1 = (G-zy^I + rSiG-z)- 1 )' 1 

is continuous in r uniformly for z G T. Hence the Riesz projections P r of T r 
associated with T also depend continuously on r. Now if ||P r — P s || < 1, then there 
are isomorphisms 

K{P r )^ K(P S ) , ker P r = ker P s , 

see [HI §1.4.6]. Since r ranges over a compact interval, the proof is complete. □ 

The concept of p-subordinate perturbations was studied by Krein [T3J, §1.7.1] 
and Markus [II §5], see also [13 §3.2]. 

Definition 4.2 Let G, S be operators on some Banach space and p G [0, 1]. Then 
S is said to be p-subordinate to G if 2?(G) C T>(S) and there exists b > such that 

||£u|| < &H| 1 ~ p ||Gu|| p for all ueV(G). (5) 

In this case there is a minimal constant b > such that ([5]) holds, which is called 
the p- subordination bound of S to G. j 

If S* is p-subordinate to G with p < 1, then S is relatively bounded to G with 
relative bound 0; if also G g(G) and q > p, then 5 is g-subordinate to G. 

Remark 4.3 In the case that G and S are operators on a Hilbert space and that 
G is normal with compact resolvent and G g(G), the following can be shown 
[H §5]: If SG~ P is bounded with < p < 1, then 5 is p-subordinate to G. If 
5 is p-subordinate to G with < p < 1, then SG~ q is bounded for all q > p; in 
particular, 5 is relatively compact to G. j 

Now we investigate how the spectrum of a normal operator G changes under a 
p-subordinate perturbation S with p < 1. We consider the case that u(G) lies on 
rays from the origin and denote sectors in the complex plane by 

<p+) = {re lip | r > , tp- < ip < tp+} and = </3, V 3 )- 
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Figure 1: The situation of Lemma 14.41 



In the next lemma the strip 03 corresponds to large gaps of cr(G) on the positive 
real axis, compare Figure [TJ Sufficient conditions for the existence of such gaps 
may be found in Proposition 15.81 Theorem 16.21 and Lemma 16.51 



Lemma 4.4 Let G be a normal operator on a Hilbert space H such that <r(G) fl 
£7(2(^_, 2ip + ) C R>o with —n < </?_ < < tp+ < ir. Let S be p- subordinate to G 
with bound b, < p < 1, and T = G + S . 

Then for a > b, b/a < e < 1, and < ip < min{— y>_, cp+, 7r/2} there exists 
7'o > such that the sets 



1-e 



Pi = {z € Q(cp-,ip + ) I |z| > r , z ^ fi(V')}, 

02 = {z = 2; + iy e fl(t/>) I |z| > r , |y| > ax p }, 

03 = {z = a; + iy € \ \z\ > r , \y\ < ax p < dist(z, cr(G))} 

satisfy Q\ U 02 U 03 C p(T), and /or z € 01 U 02 U 03 we ftave 

Furthermore there is a constant M > smc/i i/iai 

|| (T — ) 1 1| < M for all z E Qi U g 2 U 3 . 

Proof. We write d = dist(z, cr(G)) and use a consequence of the spectral theorem 
for normal operators, see [TTJ §V.3.8]: 

IKG-z)- 1 !^ sup r^— { =i ||G(G-z)- 1 || = ||/ + z(G-z)- 1 ||<l + M. 

A6ff(G) |A - z| d d 
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With the definition of ^-subordination this yields 

\\S(G - z)~M\ < b\\G(G - zr'nUiG - zy'uf-P < b(l + M) P _1_|| M || 
for every u £ H. In order to apply Lemma |4. 11 we thus have to show that 

First we analyse the geometry of the situation: For z = x + iy we have the impli- 
cations 

<p- <argz < -- or - < argz < ip + d>\z\, (7) 

max{</>_, -|| < argz < minjy> + , || => d > \y\, (8) 

as well as 

^<|argz|<- \y\ > \z\sinip, (9) 

argz < ip ==> x>\z\cosip. (10) 

Now let z G gi. If tp- < argz < — ir/2 or ir/2 < argz < ip + , then ([7]) yields 
C < 2 p fo|z| ?, ~ 1 < £, provided ro is large enough. If ip < | argz| < 7r/2, then ([8|) and 
(|9"|) imply d > | z | sin %p and hence 

C<6(1+— — V - ■ — — — < e 



sin?/;/ (|z| suit/i) 1 p 

for ro sufficiently large. 

For z 6 ft, the implications ([5]) and (TIT))) apply and with \y\ > ax p we find 
d > ax p . For p > we use the Minkowski inequality to get the estimate 

(i + M)%(i + £^)%i + ^+^<i + tt " 1 j + dP =2 + ld^, 

Vd/~V d J ~ dP dP a 

i.e. C < 2bd p ~ 1 + b/a. Since 6/a < s and d > a(|z| cos we obtain C < e for ro 
sufficiently large. On the other hand, if p — then d > a and C = b/d < b/a < e. 

In the case z e ft, and (fit)]) apply, and we have d > ax p by definition of 
the set ft. In the same manner as for z £ 02, we conclude that C < e if ro is large 
enough. 

Finally, to prove that ||(T — is uniformly bounded, we need to show that 

d^ 1 is bounded independently of z. For z £ Q\ we have 

either d > \z\ > ro > or <i > |z|sin?/; > rosing > 0. 

For z £ £»2 U ft we obtain 

d > a(\z\ cos-i/0 P > a(Vo cos-(/>) p > 0. 

□ 
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e i8j ^ _|_ j ax P^ 



a(G) 




e t9i (x — iax p ) 











" r 



Figure 2: The spectrum after a p-subordinate perturbation 



Theorem 4.5 Let G be a normal operator whose spectrum lies on finitely many 
rays e ,9 'E>o with < 6j < 2ix, j = l,...,n. Let T = G + S where S is p- 
subordinate to G with bound b and < p < 1 . Then for every a > b there exists 
ro > such that 



a(T)cB ro (0)\j\J{e ie i(x + iy)\x>0 ) \y\ < ax p }, 

3 = 1 

cf. Figure^ If G has a compact resolvent, then so has T. 



(11) 



Proof. Without loss of generality, we assume 0\ < 82 < ■ ■ ■ < n and set 0q 
9 n — 2ir, 9 n+ \ = 8q + 2ir. Then we may, after a rotation by 6j, apply Lemma [ 
to each sector Sl(6^_i, Oj+i). More precisely, we apply the lemma to the operators 
e"^G, e- i6 *S, e- i9 *T with <p + = {9 j+1 - %)/2, = (6^1 - 6» i )/2, and some 
suitable e. This yields the implication 



z £ a(T), 



9j-i + ' 



u 

— < argz < 



2 - - 2 

z £ {e tSj (x + iy)\x> 0, \y\ < ax p } 



\z\ > r 



with some rg > for each j = 1, . . . , n. If G has compact resolvent, the identity 



(T - z)- 1 = (G - z)- 1 ^ + 5(G - z)- 1 ) 
implies that T has compact resolvent too. 



for z £ g(G) n p(T) 



□ 



The statement about the asymptotic shape of the spectrum of T can be refined 
as follows: 



Remark 4.6 To obtain a condition for z £ g(T), we consider without loss of 
generality the case er(G) f~l fi(2<^) C M>o, < <p < ir/2, and z — x + iy £ f2(yi). 
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Then dist(>, cr(G)) > \y\ and, in view of ©, 6(1 + M/M^M^ 1 < 1 is sufficient 
to get z £ g(T) . For p > this leads to the condition 



x < rmj ^i-26v P |y|i-i/ P , 

which is asymptotically better than a; < (jyl/a) 1 ^ from the theorem since 1 — 
2fei/p| y |i-i/p ^ 1 as |2/ 1 -> oo. For p = we obtain the optimal condition 6 < \y\. 

For p > 0, the estimates of Markus [HI Lemma 5.2] lead to asymptotics which 
are even slightly better. Also note that simply taking the limit a — > b in Theo- 
rem 23] is not possible since then also ro — ► oo. j 



5 Estimates for Riesz projections 

In this section G is always a normal operator with compact resolvent on a Hilbert 
space H such that 

a{G) n Q,(2tp) C R> with < ip < | 

and T = G + S with S p-subordinate to G and p < 1 . 

The first two lemmas can be found in the book of Markus [TB] , for the special 
case a = 46. Since his proofs literally apply to the general situation, we omit them 
here; see also [331 §3-3]. 

Lemma 5.1 (Markus [16, Lemma 6.6]) Let G be normal with compact resol- 
vent and tr(G) n fl(2ip) C R>o with < tp < ir/2. Then for <p < 1, a > there 
exists ro > such that the contours 

r± = {x + iy £ <D\x > r , y = ±ax p } (12) 



satisfy T± C g{G) H ft(<p) and we have 
[ \zn(G^z)- 1 ur\dz\<C 1 \\u\\\ [ \zr^\\G{G-z)- 1 uf\dz\<C 2 \\uf 

for all u € H with some constants Ci, G% > 0. □ 

Lemma 5.2 (Markus [16, Lemma 6.7]) Let G be normal with compact resol- 
vent and a{G) D Q,(2tp) C R>o with < tp < ir/2. Let (xk)k>i be a sequence of 
positive numbers, < p < 1, and a,ci,C2 > such that ax\~ < tantp and 

x]^ p — x k p > ci(n — k) for n> k, dist (xfe, cr(G)) > C2&? for k > 1. 

T/ien £6.e Zmes 

7fc = {%k + iy e C | |y| < (13) 



satisfy C £?(G) fl awrf we /lave 

oo „ oo „ 

^ / WiG-z^ufldzl < Gi||u|| 2 , J2 xP k~ 2 \\G(G-z)- 1 u\\ 2 \dz\<C 2 \\u\\ 

fc=l "^T fc fc=l ^T fc 

/or all u € H with some constants Ci, C2 > 0. □ 
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With the previous resolvent estimates at hand, we derive an estimate for a 
sequence of Riesz projections associated with the parabola T± and the lines 7^: 

Lemma 5.3 Let G be normal with compact resolvent, o~(G) R f2(2</?) C R>o with 
< ip < 7r/2, 5 p- subordinate to G with bound b, < p < 1, and T = G + S . 

Let a > b, let (xk)k>i, Ik be as in Lemma \5.2\ and suppose that there is a 
constant M > such that 

7 fc C g{T) and \\S{T - z)'^ < M for all z€j k ,k>l. 

Then there exist ro > 0, k$ > I such that Xk„ > ro and the following holds: If T± 
is as in and Tk with k > kg is the positively oriented boundary contour of the 
region enclosed by 7^, T_, 7/5+1, T + , then Tk C q{T). If Pk is the Riesz projection 
of T associated with Tk, then 

00 

^ \(P k u\v)\ < C\\u\\\\v\\ for all u,v E H (14) 

k—k{) 

with some constant C > 0. 

Proof. We want to apply Lemmas 14. A\ 15.11 and 15.21 and choose e 1[ and ro 

accordingly. The assumptions on the sequence {xk)k imply that it tends monotoni- 
cally to infinity and we choose ko such that Xk > ro. By Lemma ITU ^(T— z) _1 || 
is uniformly bounded on T±. We thus have 

T k Cg{G)ng(T) and \\S(T — z)~ 1 \\ < M for all zeT kl k>k , 

with some Mq > 0. Consider now the Riesz projections Qk of G associated with 
Tk, which are orthogonal since G is normal. It is easy to see that, to prove (|14p . it 
suffices to prove 



k — kn 



\{(Pk-Qk)u\v)\ < C\\u\\\\v\\. 



Now 

?, 



Pk-Qk = TT (i T ~ - ( G - dz = TT ( T - - z)- x dz 



2tt ,/r, v J 2tt 

and hence 



\((Pk - Qk)u\v)\ < 1- f \\S{G-zr x u\\\\{T-z)-*v\\\dz\ 
Then, with the help of 

(T - 2)- 1 = (G - z)- 1 (I - S(T - z)- 1 ) 
=> \\(T- z)-*v\\ < (l+ |g(r-£2| )ll(G - 

since G is normal), we find 
■ Ul ^ ' ||5(G-z)- 1 u||||(G-z)- 1 w || \dz\ 

|5(G-z)- 1 u||||(G-z)- 1 w|| 
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Using p-subordination, Lcmma l5.11 and (forp ^ 0) Holder's inequality, we estimate 
||S(G-*) _1 u||||(G-z) _:l t;|| \dz\ 

i ± 

<^ \z\^\\S{G~z)^uf\dz\^ (/ \zn{G-z)- l v\\ 2 \dz\ 

<Ci|k|| 2 



Izl-pil^CG-z)- 1 ^!! 2 !^! 

r± 

<& 2 ^ l^r^lGCG-^)-^]] 2 !^^ ^ iznKG-z)-^!! 2 !^^ 

In the same way, with Lemma |5.2[ we see that 
I II^G-^tiHIKG-zJ-^lllctel 

k 

^ (e/ ^I^g-*)- 1 ^ 2 ^ ^/ ^IKG-^fidzi^ 

v ' 

<C{N|= 

and 



k j " /k 

^ 2 (e/ <- 2 ||G(G-^)- 1 U f|dz| > ) (W X i\\(G-z)-'u\\ 2 \d 



fc ■'Tfc / \ k J ^ k 

2/ypry'l-P|L,||2 

□ 



<6 2 G^G; l // 



To proceed, we need the concept of the determinant for operators, see [TH §2.5], 
[U Chapter VII] and [HI §IV.l]. For an operator A of finite rank to, the determinant 
of 7 + A is defined by 

det(7 + A) = dot((/ + A)| TC(A) ) (15) 

and it satisfies 

(i) |det(7 + A)|<(l + ||A||r; 

(ii) 7 + A is invertible if and only if det(7 + A) ^ 0, and in this case 



| dct(7 + A)\ 



(iii) if the operator- valued function B : SI — > 7(77) is analytic on a domain fi C (D, 
then z i— » det(7 + AB(z)) is analytic on 17 too. 
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We also use the following auxiliary result from complex analysis, cf. [161 Lemma 1.6], 
HH Theorem 1. 11]: 



Lemma 5.4 Let U C (D be a bounded, simply connected domain, F C U compact, 
zq an interior point of F, and rj > 0. Then there exists a constant C > such 
that the following holds: If a,b € (D and f : all + b — > (D f(azo + b) ^ is 
holomorphic and bounded, then there is a set E C <D feeing t/ie union of finitely 
many discs with radii summing up to at most \a\q such that 

\f(z)\> l/ fe +6)|1+ ° /° ra " ^(aF + 6)\S. 

The next proposition permits us to estimate the resolvent of the perturbed 
operator even close to its eigenvalues by artificially creating a gap in the spectrum 
of G. The method is taken from Lemma 5.6 in [16], which may be obtained from our 
proposition as a corollary. We denote by N + (ri , r 2 , G) the sum of the multiplicities 
of all the eigenvalues of G in the open interval ]r±, r2[, 

N+(r u r 2 ,G)= ]T dim£(A). (16) 

Aeo- p (G)n]ri,r 2 [ 



Proposition 5.5 Let G be normal with compact resolvent, a(G) PI Q(2ip) C R>o 
with < if < tt/2, S p-subordinate to G with bound b, < p < 1, and T = G + S . 

Let I > b, < Iq < I — b and rj > 0. Then there are constants Co,Ci,ro > 
such that for every r > 7*o there is a set E r C (D wit/i t/ie following properties: 

(i) E r is the union of finitely many discs with radii summing up to at most r\r v . 



(ii) For every z s ^(v?) \ E r with \ Rez — r\ < lor p we have 

zeg(T) and ||(T - z)- l \\ < ||5(T - z)" 1 1| < CoCJ" 

where m — N + (r — lr p , r + lr p , G). 
Proof. We choose l\ £ ]Iq, I — b[ and a, b such that 

b <b < a < I — h. 

Let r > ro. We may assume that r — lr p > by choosing ro large enough. 
Let Ai, . . . , X n be the eigenvalues of G in A r =]r — lr p , r + lr p [, Pi, . . . ,P n the 
orthogonal projections onto the corresponding eigenspaces, and 



K r = ^2(Xj - Xj)Pj with Aj 



r — lr p if Xj < r, 
r + lr p if A, > r. 



Then G r = G—K r is a normal operator with a(G r )r\il(2(p) C R>o and A r C g{G r ). 
K r has rank m and satisfies || A" r || < lr p . Noting that Xj/Xj < r j(r — lr p ) for all j, 
it is straightforward to show that 

||G«||<— T -rz \\G T u\\. 
r — lr p 
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Since 1 — lr p 1 — > 1 as r — > oo and b < 6, we conclude 

usttii < ftiicuiniuii 1 -" < &( 1 _ l 1 rP _ 1 ) p iigruii ,, Ni 1 - p < siiGf^iniuii 1 -* 

provided r$ is sufficiently large. Thus S is p-subordinate to G r with bound less or 
equal than b. 

Next, we want to prove that 

\ x - r \ < l ir v }x-ax p ,x + ax p [c g(G r ) (17) 

for ro sufficiently large. Let \x — r\ < l\r p . Since the function x i— > x — ax p is 
monotonically increasing for large x, we have 

X — ax p > r — l\r p — a(r — hr p ^ P >r — l\r p — ar p > r — lr p 

for ro large enough. Furthermore a(l + lir p ~ 1 ) p < I — l\ holds for large r and we 
obtain 

x + ax p <r + l x r p + a(r + l 1 r p ) P <r + lr p . 

In view of A r C g{G r ), IT7|) is proved. 

Now we aim to apply Lemma 15.41 to the function 

d{z) = det(7 + K r (G r + S - z)" 1 ), z e g(G r + S), 

and the sets 

U r = {x + iy | \x - r\ < hr p ', \y\ < Abr p ), 
F r = {x + iy | \x - r\ < l r p , \y\ < 3br p }. 

For ro sufficiently large we have U r C Q,(ip). Using (jTTJ) , we can apply Lemma 
to G r + S with some e € )b/a, 1[; we obtain U r C g(G r + S) and, for z € J7 r , 

dist(z, <r(G P )) > Zr p - Zir p > ar p 

and 

||(G r + ^ - z)- 1 !! < - , ||S(G r + 5 - z)- 1 !! < 

arP 1 — 



e 

Then 



= Cn 



|d(z)| < (l+WKrWWiGr + S-z)- 1 ]])™ < ^ 

on f/ r with Co > 0. For z e g(T) (1 f/ r we have 

/ = (/ + K r {G r + S- z)- 1 ) (I - K r (T - z)- 1 ) . 

Applying Lemma l4~4l (now with e = 2/3) to the operator T and z r = r+i-2br p G F r , 
we obtain 

z r eg(T) and || (T - z r y l \\ < JL 

and thus 

/ Q7 

Idet^-X^T-z,)- 1 )! < + — 



d{z r ) 
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with ci > 0. Lemma 15.41 then yields a constant C > depending only on b, Iq,1\ 
and rj such that for every r > tq there exists a union E r of discs with radii summing 
up to at most r\r p and 

> c mC c1 rn(1+C) for all z G F r \ E r . 
For z G F r \ E r , we thus obtain that / + K r (G r + S — z)^ 1 is invertible with 

|| (I + K r (G r + S- z)- 1 )- 1 1| < r^rr < (c ci) (1+c)m . 

\d(z)\ 

Consequently z G g{T) with 

(T-z)- 1 = (G r + S - z)- 1 ^ + K r (G r + S - z)- 1 )' 1 



and 



||5(T - < -^(co Cl )( 1+c ) m < C Cr 

1 — £ 

with appropriate constants Co, Ci depending on 6, Z, Zo, ^i, Vi a i e onr y- 

Finally, we consider z = x + iy G O(yj) with |a; — r| < lor p and |y| > 3br p . Then 

2bx p < 2b (r + Z r p ) p < 36r p < \y\ 

holds for ro sufficiently large. Applying Lemma l4~4l (again with e = 2/3), we obtain 
z G q{T) and 

o i /~fm 

||(T - zm < R < — < ||5(T - z)-i < 2 < CoCT 

for C > max{2, Zr 1 } and C x > 1. □ 

Corollary 5.6 Let G fee normal with compact resolvent, o~(G) n il(2<p) C R>o 
wii/j < (/J < 7r/2, 5 p- subordinate to G with bound b, < p < 1, ancZ T = G + S . 

Then for Iq, q > i/iere are constants Co, Ci, ro > swc/i i/ia£ /or every r > ro 
the following holds: For every z = x + iy with \x — r\ < lor p , \y\ < 2bx p there exists 
qi G ]0, q[ such that 

„v — , c. n( r r\ \\!t _ ,„\-M\ ^ 1 



\w-z\= qi r p =^ weg(T), | (T - w)" 1 1| < 



where m = N + (r - lr p , r + lr p , G) with l = b+ 2(Z + q). 

Proof. We use Proposition l5.5l with Z = 6+2(Z + g), Z + g replacing Z , and -q = q/3. 
For z as in the claim and |iu — z\ < qr p we have | argu; < ip (for ro large enough) 
and | Kew — r| < (Zo + q)r p . Now the sum of the diameters of the discs in E r is at 
most 2r\r p < qr p . Hence there exists q\ G]0,q[ such that w ^ E r for \w — z\ = q\r p 
and the claim is proved. □ 

Under certain assumptions on the distribution of the eigenvalues of G on the 
positive real axis, we now obtain a sequence of closed integration contours in g(T) 
of the form in Lemma l5.3l and estimates for the associated Riesz projections. 



18 



Proposition 5.7 Let G be normal with compact resolvent, o~(G) n Q(2ip) C R>o 
with < ip < 7r/2, S p- subordinate to G with bound b, < p < 1, and T = G + S . 

Assume that there is a sequence (rk)k>i of positive numbers tending monoton- 
ically to infinity and some I > b, m £ N>i swc/i i/ia£ 

iV + (r fe -/T^,r fe + ^,G) <m for all k > 1. (18) 

T/ien f/iere are constants C, ro > 0, a > 6, and a sequence (xk)k>i in H>o tending 
monotonically to infinity such that the following holds: 

(i) z £ ™^ Re z = implies z £ ||(T — < C. 

(m,) TTie contours T±,^ k from and satisfy T±,"fk C £>(T). 

(mj // Pfc is i/ie Riesz projection of T associated with the region enclosed by 
7fe,r_,7 fc+ i,r + , then 

OO 

J2\(Pku\v)\<C\\u\\\\v\\ for all u,v £ H. 

k=l 

Proof. We apply Proposition [5T5] with l — (I — b)/2 and 77 = Z /2 to r = r k , fc > fc , 
fco appropriate. Since the sum of the diameters of the discs in E r is at most lor^ 
and the interval [r k — lor p ,rk + lo r k ] contains at most m eigenvalues of G, we can 
find an x k such that 

\x k -r k \ < lorf, dist(x k , a(G)) > t^^I, 

and that z £ Sl(c^) with Rez = x k implies 

zeg(T), ikt-z)- 1 !! < ^(r-z)- 1 !! <c cr. 

Then x k jr k — > 1 as k — > 00 and we obtain 

dist^fc, cr(G)) > C2X^ for k > ko 

with C2 > and fco appropriately chosen. Since x k — > 00, for every k\ there exists 
k,2 > ki such that x^~ p — x k p > 1. Passing to an appropriate subsequence, we 
can thus assume that 

4+1 _ X V V ^ 1 for a11 k £N, 

which yields 

xl~ p — x k ~ p > n — k for n > k. 

Now an application of Lemma l5.3l with a — 2b and the sequence (xk)k>k i large 
enough, completes the proof. □ 

If the spectrum of G has sufficiently large gaps on M>o, then the spectrum of 
T has corresponding gaps (cf. Figure [3]) : 
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[r k - (3r p k ,r k + /3r p ] 



Figure 3: A large gap in a(G) yields a gap in a(T), 

Proposition 5.8 Let G be normal with compact resolvent, o~(G) n Q(2ip) C R>o 
with < ip < 7r/2 } S p- subordinate to G with bound b, < p < 1, and T = G + S . 

Assume that there is a sequence (r k ) k >i of nonnegative numbers tending mono- 
tonically to infinity and constants /3 > 0, a > b, I > (3 + a such that 

a(G) n R>o C |J [r k - (3r p , r k + (3r p k ] (19) 
fe>i 

and 

r k + lr p k < r k+1 - lr p +1 

for almost all k. Then there are constants C, ro > 0, ko > 1 such that the following 
holds: 

(i) The contours T± from llty) and 

J k = {x + iy | x = r k ± lr p , \y\ < a/} with k > ko 
as well as the regions enclosed by "f k , r Y k+1 , T + , T_ belong to q(T). 
(ii) z £ Q(<p) with Rez = r k + lr k , k > ko, implies ||(T — < C. 

(Hi) If P k and Q k are the Riesz projections of T and G, respectively, associated 
with the region enclosed by j k , j k , T + , T_, then 

00 

<C|I«IIIHI 

and 

dim^(Pfc) = dim^(Q fe ) /or fc > fc . 

Proof. We set = r k ±lr p so that r k < s k < s k+1 < r k+ \. Consider s S [s£, sL_ x ] 
with k > ko. Then 

s + as p < s^ +1 + ar£ +1 = r fc+1 - (I - a)r p k+l < r k+1 ~ (3r p k+l . 
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Furthermore we have 



s - as p > s+ - a(s+) p 



for ko large enough, since the left-hand side is monotonically increasing in s for 
large s. In addition, the equivalent inequalities 

4 - a (4f > r k + /3r p lr p - a{r k + lr p ) p > (3r p 

hold for fco sufficiently large since 1 + lrT~ — * 1. Using (|19[) . we have thus proved 
that, for fc > fco, 

se[4,Sj +1 ] =S> }s - as p ,s + as p [d g(G). 

With ro and fco appropriately chosen, Lemma WM implies that the region enclosed 
by 7^, 7^, x , r + , and T~ as well as the contours itself belong to g(T) for fc > fco- 
Moreover, ||(T — z) _1 || and \\S(T — z)^ 1 \\ are uniformly bounded for z G 0(y>) with 
Re 2; = s k , fc > fco- We also have dist(sjJ",G) > a(s k ) p and 

4+1 - 4 = r k+i - r k + l(r p k+1 - r p ) > 2lr p +1 . 
The mean value theorem then yields 

21(1 -PVk+i 



(4 + i) 1 - p - (si) 1 -" > (i - p)(4 + i)- p (4 + i - 4) > 



r k +i + lr p k+1 ) 



p ■ 



i.e., (4+1) 1 P ~ (4) 1 P — '(1 — p) f° r ^ — ^o, ^0 sufficiently large. We can thus 
apply Lemma 15.31 with x k = s k to get the estimate for the sum over the Riesz 
projections. The final claim is a consequence of Lemmas 14.11 and 14.41 □ 

6 Existence of Riesz bases of invariant subspaces 

Let G be an operator with compact resolvent. Recall that we denote by N + (ri , r 2 , G) 
the sum of the multiplicities of the eigenvalues of G in the interval ]ri, ra[, see (fl6|). 
Similarly, we write 

N(r,G)= dim£(A) (20) 

ASo' p (G)nB T .(0) 

for the sum of the multiplicities of all the eigenvalues A with |A| < r and 

N(K,G)= dim£(A) for every set K C C. (21) 

\ecr P (G)nK 

Our first existence result for Riesz bases of invariant subspaces improves a 
theorem due to Markus and Matsaev [17], [HI Theorem 6.12]; there, condition 
was formulated with limsup instead of liminf. 



Theorem 6.1 Let G be a normal operator with compact resolvent whose spectrum 
lies on a finite number of rays from the origin. Let S be p-subordinate to G with 
<p < 1. If 

liminf "y^ < 00, (22) 

r— *oo T p 

then T = G + S admits a Riesz basis of finite- dimensional T -invariant subspaces. 
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Figure 4: The situation of Theorem 16.21 



Proof. Let e j R>o with < 6± < ... < n < 2ir be the rays containing the 
eigenvalues of G and let S be p-subordinate to G with bound b. From Theorem 14. 5 1 
we know that T has a compact resolvent and that almost all of its eigenvalues lie 
inside sectors of the form 

Clj = {z £ C | | argz — 9j\ < ipj} with < ipj < —, 

where the ipj can be chosen such that these sectors are disjoint. Lemma 14.41 shows 
that || (T — z) -1 || is uniformly bounded for z $ Hi U ... U O n , \z\ > ro- From 
the assumption ([2^| it can be shown that for each sector ttj there is a sequence 
{fjk)k>i °f positive numbers tending monotonically to infinity such that 

sup N+ (r jk - 2br p jk , r jk + 2br p jk , G) < oo, 

k 

see |16l Lemma 6.11]. By Proposition l5.7l we thus obtain a corresponding sequence 
(xj k )k>i such that ||(T— z) _1 | is uniformly bounded for z £ Qj, Re(e~ l6j z) = Xjk- 
Corollary 12.41 implies that the system of root subspaces of T is complete. 

Furthermore, if (Pjk)k>i are the Riesz projections from Proposition 15 . 71 corre- 
sponding to the eigenvalues A £ fl, of T with Re(e~* ej A) > Xj% and Pq is the Riesz 
projection for the (finitely many) remaining eigenvalues, then 

n oc 

i(F 0W | V )i+EEi( p ^Ni<chiiiiHi 

3=1 fe=l 

with some constant C > 0. Now Proposition 13.71 shows that the ranges of the 
projections Po, {Pjk)j,k form a Riesz basis. □ 

Replacing condition (|22j) by an assumption on the localisation of the spectrum 
of G on the rays, we obtain our second perturbation theorem. 
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Theorem 6.2 Let G be a normal operator with compact resolvent on a Hilbert 
space H and S p- subordinate to G with bound b and < p < 1. Suppose that the 
spectrum of G lies on sequences of line segments on rays from the origin, 

n 

°( G ) c U U L ^ L 3k = {e ie *x \x>0, \x- r jk \ < &r*J, (23) 
j=ifc>i 

where f3j > 0, < 6\ < . . . < 6 n < 2-7T, and (rj k )k>i ore monotonically increasing 
sequences of nonnegative numbers such that 

r ik + ljr p jk < r jtk +i - l 3 r p j k+1 (24) 

for almost all k with some constants lj > [3j + b. 

Then T = G + S has compact resolvent; for b < a < min{Zi — /3±, . . . , l n — 
almost all eigenvalues of T lie inside the regions 

K jk = {e ie i{x + ly) | x > 0, \x - r jk \ < {[3 3 + a)r p ]k , \y\ < ax p ], (25) 

j = 1, ...,n, k > 1 (cf. Figure^; the spectral subspaces of T corresponding to 
the regions Kjk together with the subspace corresponding to cr(T) \ (J^ k Kjk form 
a Riesz basis of H ; and we have 

N(L ]k , G) = N{K jk ,T) for almost all pairs (j, k). (26) 

Moreover, if there are constants m,q > such that for almost all pairs (j, k) 
the assertions 

(i) N(L jk , G) < m and 

(ii) Ai, A 2 G a{T) n K jk , A x + A 2 ^ |A X - A 2 | > qr p k 
hold, then the root subspaces of T form a Riesz basis of H . 

Proof. We apply Theorem 14.51 and, for each ray, Proposition 15.81 with a and I 
replaced by a — (a + b)/2 and lj — (3j + a, respectively. This shows that T has a 
compact resolvent and that almost all of its eigenvalues lie inside regions 

{e i0 i{x + iy) | x > 0, \x - r jk \ < l 3 r P kl \y\ < ax p } C K jk . 

By Lemma l4.4l || (T— z)^ 1 \\ is uniformly bounded outside certain disjoint sectors flj 
around the rays for \z\ large enough. For each ray, Proposition l5.8l vields a sequence 
(xjk)ke~N tending monotonically to infinity such that \\(T — z)~ 1 \\ is bounded for 
z € f2j, Rc(e~' l0j z) = Xj k . With Corollary |2.4l we conclude that the system of root 
subspaces of T is complete. Moreover, we have 

\(Pou\v)\+f2it\(Pjku\v)\<C\\u\\\\v\\ 
j=l k=l 

for some C > where Pj k is the Riesz projection associated with Kj k and Pq 
the one associated with er(T) \ [jj k Kj k ; Proposition 13.71 then yields the Riesz 
basis property. Finally, if Qj k is the spectral projection of G associated with Lj k , 
Proposition 15.81 implies dim 1Z(Qj k ) = dimTZ(Pjk) for almost all (j,k) and thus 
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Now suppose that with to, q > the additional assumptions (i) and (ii) hold 
for almost all pairs (j, k) . We aim to show that the root subspaces corresponding 
to the eigenvalues of T in each Kjk form a Riesz basis of IZ(Pjk) with constant c 
independent of (j, k). Without loss of generality we may assume 

9j = and (3j + a + q < lj . 

We want to apply Corollary 15 . 61 with Iq — (3j + a and set I accordingly. From the 
relation rj_k+i ~ rjk > 2ljr p k it is easy to verify that the number of elements 
in the interval [r — lr p , r + lr p ] is at most 21 /I j for r sufficiently large. Hence there 
is a constant too such that 

N + (r — lr p ,r + lr p , G) < mo for r sufficiently large. 

Let A be an eigenvalue of T in Kj^. By Corollary 15.61 there exists qi g]0, q[ such 
that the points w on the circle around A with radius qir p k satisfy ||(T — < 

CoC™°r~ fc p . In addition, this circle lies inside the strip |Rez — Tjk\ < h rV jk an< ^ 
assumption (ii) thus implies that A is the only possible eigenvalue of T inside that 
circle. Therefore, the Riesz projection P\ for A satisfies 

\\Px\\ < 27r qi r P k ^±- < 2irqC C?<>. 

If Ai, . . . , A mi are the eigenvalues of T in Kjk, we have toi < N(Kjk, T) < m and 
conclude 

mi 

]T |(i^.«|«)| < 27rmgCoq no ll«||||«l|. 

s=l 

According to Proposition 13.71 the subspaces 1Z(P\ S ), s = 1, . . . , Toi, form a Riesz 
basis of TZ(Pjk) with constant c independent of k. This is true for almost all pairs 
(j, k) , and hence an application of Lemma 13.31 shows that the root subspaces of T 
form a Riesz basis of H . □ 



Remark 6.3 If almost all eigenvalues of G are simple and almost all line segments 
Ljk contain one eigenvalue only, then Theorem 16 . 21 yields a Riesz basis of eigenvec- 
tors and finitely many Jordan chains for T. Indeed almost all spectral subspaces 
corresponding to the Kjk are one-dimensional in this case, and the Riesz basis of 
subspaces is thus equivalent to the existence of a Riesz basis of eigenvectors and 
finitely many Jordan chains. j 

Remark 6.4 It can be shown [23 Lemma 3.4.9] that, if G satisfies the spectral 
condition (|2"3"|) with some [3j > such that + f3jr p k < rj^+i — Pjf P k+i anc ^ 
N(Ljk,G) is bounded in (j, fc), then sup r>1 N(r, G)r p_1 < oo; in particular the 
spectral condition (|2"2"|) of Theorem 16.11 holds. However, the first part of Theo- 
rem [62] is applicable even if N(Ljk,G) is unbounded and (I22|) does not hold, 
j 

The condition (|24[) can be reformulated for sequences with a certain asymptotic 
behaviour: 
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Lemma 6.5 Consider the sequence of nonnegative numbers given by 

r k = ck" + d k ki- x 

with c > 0, q > 1 and a converging sequence (dk)kev- Then for I, p > the relation 

r k + lr\ < r k+1 - lr p k+l 

holds for almost all k £ N if 

(i) p < 1 — 1/q, or 

(ii) p=\-l/q and I < qc 1 /i/2. 

Proof. This can be shown in a straightforward way by a Taylor series expansion of 
r k+ i in k. □ 

The next proposition reverses the assertions of the Theorems 14.51 RTT1 and RT21 to 
some extend. As a consequence, the assumptions in these theorems can be relaxed. 

Proposition 6.6 Let G be an operator on a Hilbert space H with compact re- 
solvent and a Riesz basis of Jordan chains. Suppose that < p < 1, a > 0, 
< 9j < 2n, j = 1, ... ,n, such that either 

(i) there exists ro > with 

n 

cr(G) cB rt (0)U \J{e i0 i(x + iy)\x>Q, \y\ <ax p }, or 

3=1 

(ii) almost all eigenvalues of G lie inside regions 

K jk = {e l6 i (x + iy) | rj k <x< r+ , |y| < a/}, j = 1, . . . , n, k > 1, 

where (rj k ) k >i are sequences of positive numbers satisfying rj k < r^ k < 
r j,k+i- 

Then there is an isomorphism J : H — > H , a normal operator Go on H with 
compact resolvent, and an operator Sq p-subordinate to Go such that 

JT>(G)=V(G ), JGJ- 1 = Go + S Q . 

In case (i), all eigenvalues of Go lie on the rays e l6,J ]R>o and we have 

N(r, G ) = N(r, G) for r > 1. 

In case (ii), all eigenvalues of Go lie on the line segments 

i-p {'"'■'■ >■„,■ .<•• /•;.}. 

and N(Lj k , Go) — N(Kj k , G) holds for almost all pairs (j, k). 

Moreover, if S is p-subordinate to G, then JSJ~ l is p-subordinate to Go- 
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Proof. The idea is to use the isomorphism J to transform the Riesz basis of Jordan 
chains of G to an orthonormal basis of eigenvectors of Go- Then one associates 
with each eigenvalue A = e lSj (x + iy) of G an eigenvalue /i = e l0j w of Go with 
w > such that the assertions on the spectrum hold. A complete proof can be 
found in [231 §3.4]. □ 

Remark 6.7 Theorems 14.51 and 16 . 1 1 also hold if G is as in the previous proposition 
and satisfies condition 16. 6f iV Indeed we have 

J(G + S)J~ 1 = Go + S Q + JSJ- 1 

in this case, So + JSJ^ 1 is p-subordinate to Go, and the theorems can be applied 
to the right-hand side. Analogously, Theorem 16.21 also holds if G satisfies HDjt n). 
In both cases, b is now the p-subordination bound of So + JSJ -1 to Go- 



7 Application to block operator matrices 

We apply Theorems 16. II and 16. 21 to two classes of diagonally dominant block opera- 
tor matrices. For many results about the spectral theory of block operator matrices 
see [13 [Hi- 
Theorem 7.1 Let A(Hi — > Hi) and D(H2 — > H2) be normal operators with 
compact resolvents on Hilbert spaces such that the spectra of A and D lie on finitely 
many rays from the origin and 

r ■ e N(r,A) .. . ,N(r,D) 
nmmi — — — < 00, nmml — — < 00 

r — >oo r P T — >oo r P 

with < p < 1. Suppose that the operators C{H\ — > H2) and B(H2 — > H±) are 
p- subordinate to A and D, respectively, 

\\Cu\\ < bWuf-tWAuW* for ueV{A) C 23(C), 
\\Bv\\ < bWv^-'PWDvWP for veV(D)cV(B). 

Then the block operator matrix 

T -(c S) 

acting on Hi x Hi has a compact resolvent, admits a Riesz basis of finite-dimen- 
sional T -invariant subspaces, and for every a > b there is a constant ro > such 
that 

n 

tr(T) C-B ro (0)U [J{e^{x + iy)\x>Q,\y\ <ax"}. 

Here 9\ , . . . , 9 n with < 9j < 2tt are the angles of the rays on which the spectra of 
A and D lie. 

4 This notion of p-subordination is more general than the one from Section [4] since the oper- 
ators B and C map from one Hilbert space into a (possibly) different one. 
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Proof. We apply Theorems 14.51 and 16.11 to the decomposition 

T = G + S with G= (i S= fi) U 



DJ' \C 

Indeed G is normal with compact resolvent and 

a{G) = a{A) U a(D), N(r, G) = N(r, A) + N(r, D). 
Moreover, using Holder's inequality, we find 

S Q | 2 = \\Bv\\ 2 + \\Cu\\ 2 < fo^ ll'^l| :2C:L 3 " > II | j fe 2 ll^ll 2 ^ 1 ^^ || 1 1 

<fc 2 (IHI 2 + ll«ll 2 ) 1 ^(ll^ll 2 + ll^ll 2 ) ^, 

for u G V(A), v G V(D), i.e. 

\\Sw\\ < 6||w|| 1_p ||G«;|| p for w e V(G) = V(A) x V{D); 

S is p-subordinate to G. □ 

In the next theorem, a symmetry of the operator matrix with respect to an 
indefinite inner product yields a gap in the spectrum around the imaginary axis. 
This makes it possible to apply the second part of Theorem [ 



Theorem 7.2 Let A be a skew-adjoint operator with compact resolvent on a Hilbert 
space H . Let B,C : H — > H be bounded, selfadjoint and uniformly positive, B,C > 
7 > 0. Write (irk)keA for the sequence of eigenvalues of A where A G 7L\ 
and (rfc)fe is increasing. Suppose that almost all eigenvalues irk o,re simple and that 
for some I > b — max{||_B||, ||C||} we have 

rfc+i — rk > 21 for almost all k G A. 

Then the block operator matrix 



T 



A B 
C A 



has a compact resolvent, its spectrum is symmetric with respect to the imaginary 
axis and satisfies 

o~(T) C {z G C | \z — irk\ < b for some k, | Re z\ > 7}. 

Moreover almost all eigenvalues are simple and T admits a Riesz basis of eigen- 
vectors and finitely many Jordan chains. 

Proof. We consider the decomposition 

T = G + S, G = , S = (° q 

G is skew-adjoint with compact resolvent, c(G) = {irk \ k G A}, and almost all of 
its eigenvalues have multiplicity 2. S is bounded with \\S\\ = b. By Theorem 14.51 
T has a compact resolvent. If z is a point outside the discs Dk with radius b 
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around the irk, then dist(z, ct(G)) > b and \\(G — < b ; thus z £ q{T) by 

Lemma 14.11 

Now we use the indefinite inner products (Jj • |-) on H X H given by the fun- 
damental symmetries 

Jl = (*j o) ' Jl = (°i o) ' 

where (-|-) is the standard scalar product on H x H. We refer to [3] for a treatment 
of indefinite inner product spaces and operators therein. It is easy to verify that T 
is Ji-skew-adjoint (i.e., J\T is skew-adjoint) , which implies that a(T) is symmetric 
with respect to iR. On the other hand, for an eigenvalue A of T with eigenvector 
w an easy calculation yields 

7 |H| 2 < Re(J 2 Tw\w) < |ReA||(J 2 u>|u>)| < |ReA|||w|| 2 ; 

hence | Re A| > 7, which shows the asserted shape of the spectrum. 

Finally we apply Theorem l6~2l with p = fix = @ 2 = 0, 0i = tt/2, 2 = 3?r/2. 
It shows that N(Dk,T) = 2 for almost all discs Dk- Consequently, almost all Dk 
contain only one skew- conjugate pair of simple eigenvalues A, —A with | Re A| > 7. 
The second part of the theorem thus implies that the root subspaces of T form a 
Riesz basis. Since almost all root subspaces have dimension one, this is equivalent 
to the existence of a Riesz basis of eigenvectors and finitely many Jordan chains. 
□ 
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